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Abstract 



We consider possible generation of singularities of a vector field 
transported by diffeomorphisms with derivatives of uniformly bounded 
determinants. A particular case of volume preserving diffeomrphism is 
(T) . the most important, since it has direct applications to the incompress- 

ible, inviscid hydrodynamics. We find relations between the directions 
' of the vector field and the eigenvectors of the derivative of the back- 

to-label map near the singularity. We also find an invariant when we 
follow the motion of the integral curves of the vector field. For the 3D 
Euler equations these results have immediate implications about the 
directions of the vortex stretching and the material stretching near 
the possible singularities. We also have similar applications to the 
other inviscid, incompressible fluid equations such as the 2D quasi- 
geostrophic equation and the 3D magnetohydrodynamics equations. 
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1 Vector fields transported by diffeomorphisms 



1.1 Statement of the theorems 

Let D be a domain in M ra , and T G (0, oo]. Suppose that for all t G [0, T) the 
mapping a — > X(a,t) is a diffeomorphism on .D. We denote by the 
inverse mapping of X(-,t), satisfying 

A(X(a, £), t) = a, t), t) = x Va, a; G £>, Vt G [0, T). 

In the applications to hydrodynamics in the next section the mapping {X(-, £)} 
is defined by a smooth velocity field v(x, t) through the system of the ordinary 
differential equations: 

dX{a,t) =v ( X ( a ^Q . X {a,0) = aeDcR n . (1.1) 

L/ v 

In such a case we say the 'particle trajectory' map X(-,t) and its inverse, the 
'back-to-label' map A(-,t) are generated by the fluid velocity field v(x,t). 



Definition 1.1 We call a parametrized vector field W(-, ■) : D x [0, T) — > M. n 

is transported by a differentiable mapping X(-,t) from D into itself for all 

te[o,T) if 

W(X(a } t),t) = V a X(a, t)W (a) (1.2) 
holds for all (a,t) G D x [0, T), where we set W (x) = W(x, 0). 



We note that ( 11.2j) corresponds to the well-known vorticity transport 
formula for the incompressible Euler equations. Actually it is well-known(see 
e.g. [32]) that (11.21) is equivalent to saying that the vector field W(x,t) 
satisfies the system of differential equations: 

dW 

_ + („.v)w = (w.vk (13) 

W(x,0) = W {x) 

on D x [0, T), where v(x,t) is defined from X(-,t) by (11.11) . In this paper 
we are concerned on the study of the direction of W(x,t) and the direc- 
tions of stretching/compressions induced by a 'generalized volume preserv- 
ing' mapping X(-,t) near possible singularities in (II .2j) (or. equivalently in 
(11.31) ). This will be done efficiently in terms of the derivative of its inverse 
mapping A(-,t) = X _1 (-,t). The main motivation of the current study is 
to understand the dynamic relation between the vortex stretching and the 
material stretching when we approach to possible singularities in the 3D 
incompressible Euler equations and other inviscid flows. 
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Theorem 1.1 Let W(x,t) be a vector field on D C W 1 defined for t G 
[0,T). We set W (x) = W(x,0) with ||W ||l°°(d) < °o. Suppose W(x,t) is 
transported by a volume preserving diffeomorphism {X(-,t)} t e[o,T) on D C 
M n ; whose inverse is A(-,t). We assume that 

sup \det(y a X(a,t))\ < oo. (1.4) 

(o,t)6flx[0,T) 

Let fis set fry {(Aj, ej)}" =1 t/ie eigenvalue and eigenvector pairs of the sym- 
metric, positive definite matrix 

M(x,t) = (VA(x,t))*VA(x,t) 

with the order of magnitude 

Ai > A 2 > ••• > A n > 0. (1.5) 

Suppose there exists a sequence (xk,tk) and (x,t) in D x [0, T] snc/i t/iat 
linifc^oo^fcjtfc) = (x,t) and 



lim |W(x fc ,t fc )| = oo. 

k— >oo 



JTien, necessarily 



lim Ai(a;fe,tfe) = oo, and lim \ n (xk,tk) = 0. (1.6) 

Let m 6e t/ie largest number in {1, • • • , n} snc/i t/iat 

lim Aj(a; fc ,t fc ) > V? e {1, • • • , m}. (1.7) 

fc^oo 

We set fry H(x, t) t/ie direction field ofW(x,t) defined by 

W(x t) 

E(x,t)= ) ' , ^ene^er |W(x,t)|^0. 
|W(x,t)| 

T/ien, 

lim ejixk^k) ■ E(x k ,t k ) = Vj G {1, • • • , m}. (1.8) 

Remark 1.1 Let -u e M n . Then, the quantity \V a X(a,t)v\/\v\ has the mean- 
ing of the rate of stretching(compression) in the direction of v induced by 
the trajectory mapping X(-,t) if the quantity is bigger(less) than 1. Indeed, 
let {7o(s)}se(- £ ,e) be a curve in R™ such that 



7o(0) = a, 



(9s 



= v. 

s=0 
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We set X(j (s),t) = j{s,t). Then, 



S7(s ' f) ^v„x( 7oW , t )-^ w 



ds 



;i.9) 



and 



\V a X{a,t)v\ 



V Q X( 7o ( S ),t)^ 




d-y{s,t) 
ds 




d-yo{s) 
ds 




s=0 


djo (s) 
ds 



s=0 



(1.10) 

which provides us with the desired interpretation. By the Rayleigh-Ritz 
theorem([25j) and the fact that X(-,t) is a diffeomorphism we have 

Xi(x,t) = max{Ai(x, t), • • ■ , X n (x, t)} 



sup ■ 



v*M(x,t)v 



sup 



\WA(x,t)v\ 



\w\ 



sup 



• r |V a A-(a,t)iDP 

mi^o [^7p 



Hence, 



inf 



|V a X(a,t)v| 



where x = X(a,t). Similarly, for X n (x,t) = min{Ai(x, t), 
obtain 



sup 



\V a X(a,t)v\ 



(1.11) 

A n (x,t)}, we 
(1.12) 



\V\ y/Xn(x,t) 

with x = X(a, t). In particular, in the case of det(V a X(a, t)) = 1 (incompressible 
flow), the quantity 1/ a/ Ai(x, £)(< 1) has the meaning of the maximum com- 



pression rate, while \j sj X n (x, £)(> 1) has the meaning of the maximum 
stretching rate at (x,t), except the case V a X(a,t) = I, where a = A(x,t). 

Remark 1.2 In particular (11.61) implies that the directions of the infinite 
stretching rate and the zero compression rate are mutually orthogonal to 
each other. 



Remark 1.3 Since lim&^oo Xj(x^, tk) = for all j — m+ 1, • • • , n by the hy- 
pothesis of the above theorem, the conclusion (11.81) implies that as (x^, t^) — > 
(x, i) the sequence of direction vectors {E(xk,tk)} tends to be on the hyper- 
surface spanned by the vectors with the directions of infinite stretching rates. 

The first part of the following theorem could be regarded as a generalization 
of the well-known Helmholtz vortex theorem for the incompressible Euler 
equations ([24"]). 
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Theorem 1.2 Suppose W(x,t) is a vector field transported by a diffeomor- 
phism {X (■,£)}, t G [0, T). Let {7o(s)} se / be an integral curve of W(x,Q), 
then 7(5, t) := X(7o(s), t) is a/so an integral curve ofW{^{s, t),t). Moreover, 
we have the following invariant: 



;i.i3) 



|W(7(*,*),*)I _ 


|Wo (70(5 


))l 




97(s,t) 
9s 




970 (s) 
ds 





Remark 1.4 We will see in the proof of the above theorem that the invariant 
(11.13P is due to the fact that the integral curve of of a vector field has re- 
parametrization symmetry. 

1.2 Proof of the main theorems 

Proof of Theorem 1.1 The vector field transport formula 

W(X(a,t),t)=V a X(a,t)W (a), 



can be written as 

VA(x,t)W(x,t) = W (A(x,t)) 
in terms of A(x,t) = X _1 (x, t). Hence, 



;i.i4) 



\W {A{x,t))\ 2 = W{x,t)*{VA{x,t))*VA{x,t)W{x,t) 
= \W(x,t)\ 2 E(x,t)*M(x,t)E(x,t) 

= \W{x, t)\ 2 (\ 1 (x, t)El(x, *) + ••■ + X n (x, t)E 2 n (x, t) 



(1.15) 

where we set 

E(x, t) = 0(x, t)E(x, t), 0*MO = diag(Ai, • • • , A n ). 

Namely, the nxn orthogonal matrix 0(x, t) diagonalizes the positive definite, 
symmetric matrix M. By the hypothesis (jl.4p . 



A : 



inf [\ 1 (x,t)---\ n (x,t)} 

(x,t)eDx[0,T) 

inf detM= inf det(VA(x, t)) 2 

(x,t)eDx[0,T) (x,i)€flx[0,T) 

* > 0. 



su P(i,t)eDx[0,T) 



;i.i6) 



a=A(x,t) 



By definition 



Ej(x, t) + • • • + E 2 n {x, t) = \0{x, t)E{x, t)\ 2 = \E{x, t) \ 2 = 1. 



;i.l7) 



5 



Hence, from (11.151) and the inequality ai+ '^ +a " > (oi • • • a n ) » for ai, • • • , a n > 
0, we obtain that 



o|Il° 



\W(x,t)\ 2 



> Ai(x, t)EJ(a;, £) + -•• + A n (x, t)S;(x, t) 



> n [Xi(x, t)E\{x, t) ■ ■ ■ X n {x, t)E 2 n {x, t) 
= n (Ai(x, t) ■ ■ ■ X n {x, t))» [El(x, t) ■ ■ • E 2 n {x, t) 



{ (x,t) ■ ■■E n (x,t) 



(1.18) 



Let {(x k ,t k )} be a sequence such that (x k ,t k ) — * (x, t) as fc — > oo, and 

lim |W(s fc ,t fe )| = oo. 

fc— >oo 



Then, the first inequality of (11.181) implies that 

lim Xj(x k ,t k )E 2 (x k ,t k ) = Vj = 1, 



n. 



fc— >oo 



From (I1.17P we find that there exists jo £{!>•" > ^} such that 

lim inf \E jo \(x k ,t k ) > 



Hence, from ( 11.51) we have 

lim X n (x k ,t k ) < lim X jo (x k ,t k ) = 0, 

fc— >oo fc^oo 

which, in turn, implies by (11.161) and (11.81) that 

lim Xi(x k ,t k ) = oo. 



fc— >oo 



(1.19) 



(1.20) 



(1.21) 



(1.22) 



Thus we find there exists m G {1, 
and (11.71) imply that 



n 



- 1} satisfying (TT77I) . Now (El) 



lim Ej(x k ,t k ) = lim [0(x fc , t k )E(x k , t k )] d = lim ej(x k ,t k ) ■ E(x k ,t k ) = 



fc— >oo 



fc— >oo 



for all j G {1, • • • , m}. □ 



Proof of Theorem 1.2 Taking derivative of 7(s,£) = X(7 (s),t) with re- 
spect to s G /, we have 



= V a A(7o(s),t)- 



9s 



<9,s 



(1.23) 



Since W(x,t) is transported by {X(-,t)}, we have, along the curve t i— > 

W(>y(s,t),t) = V a X (7o(s),t)W (7o(s)). (1-24) 

By hypothesis, since 70 (s) is an integral curve of Wo(7o(s)), there exists 
f(s) 7^ for all s G / such that 

<97o(s) 



(9s 

and from (11.23)) we have 
dl(s,t) 



/(s)Wb(To(s)), (1-25) 



<7s 



/(s)V a X( 7o (s),t)Wo(7o(s)) = /OO^MM),*), (1.26) 



which shows that s 1— > 7(5, t) is an integral curve of VK(7(s, for each 
i G [0, T). From (05]) and ffT26l) we obtain 

1 _ \W( 7 (s,t),t)\ \W ( l0 (s)\ 



\f^\ ism \& 



(1.27) 

s)l 



□ 



2 Applications to inviscid hydrodynamics 

We discuss the implications of the previous general theorems on some of the 
ideal fluid mechanics equations. 

2.1 The surface quasi-geostrophic equation 

In this subsection we are concerned on the the following 2D quasi-geostrophic 
equation in IR 2 . 

f)f) 

+ (v-V)0 = O, 



(QGK 



dt 

v = -V ± (-A)^9, 

where 6 = 9(xi,X2,t) denotes the scalar temperature, and v = (vi,V2),Vj = 
Vj(xi,x 2 ,t),j = 1,2, is the velocity of the fluid, and V 1 - = (— d X2 , d xi ). 
Thanks to the pioneering work by Constantin, Majda and Tabak([14J), in 
particular the observation of its resemblance to the 3D Euler equations, 
there are many studies on (QG)(see e.g. pm US, [HJ [TEJ [33l [M] and ref- 
erences therein). Let {X(-,t)} be the particle trajectory mapping generated 
by v(x, t). Taking operation of V -1 on the first equation of (QG) we obtain 

^v ± e + (v-v)v ± e = (v ± e-v)v, (2.1) 
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from which we have the transport formula for V (x, t), 

V ± 9(X(a, t),t) = V a X(a, t)V L 9 (a). (2.2) 

As in the previous section we set the back-to-label map, A(-,t) = X _1 (-,t) 
below. The following theorem is immediate from (I2.2p and Theorem 1.1, and 
the fact that det (V a X(a, t)) = 1, which is equivalent to the incompressibility 
condition, div v = 0. 

Theorem 2.1 Let (v(x,t),9(x,t)) be a smooth solution of (QG) with initial 
data satisfying ||Wo||l°° < oo ; which generates the particle trajectory map 
{X(-,t)} and the particle trajectory map A(-,t). We set the direction vector 
field £(x,t) = iyXg^'*li ; an d let {ei(x, £), e 2 (x, £)} and {\\{x, t), A 2 (x, t)} be 
the normalized eigenvectors and the corresponding eigenvalues of the matrix 

M(x,t) = (VA(x,t)) T VA(x,t). 

We keep the order of magnitude so that 

Ai(x, t) > X 2 (x, t) > V(x, t). 

Suppose there exists a sequence {{xk,tk)} tending to (x,t) as k — ► oo such 
that limfe^oo \V9(xk,tk)\ = oo, then necessarily 

lim Xi(x k ,t k ) = oo, lim X 2 (x k ,t k ) = 0, (2.3) 

fc— >oo fc^oo 

and 

lim \£(x kl t k ) - e 2 {x k ,t k )\ = 0. (2.4) 

fc^oo 

We just note that (\2A\i follows from 

lim £(ar fc , t k ) ■ e x {x k , t k ) = (2.5) 

together with (^ • e x ) 2 + (^ • e 2 ) 2 = |£| 2 = 1. On the other hand hand, (El) 
implies that the direction field tends to align with the direction of the infi- 
nite stretching rate near the possible singularity, while (I2.5P shows that the 
direction of zero compression rate is orthogonal to it. 

Since any smooth level curve of #o is an integral curve of V^Oq, applying 
Theorem 1.2 to (QG), we obtain the following theorem. 

Theorem 2.2 Let (9(x, t).v(x, t)) be a smooth solution of (QG), and {X (■,£)} 
the particle trajectory generated by v(x,t). Let {7o(s)} sG / be a level curve of 
9 , which is also a level curve of 9 . We set "f(s,t) = X( r yo(s),t), then y(s,t) 
is also a level curve of 9(x,t). Moreover, we have the following invariants 
along the trajectories of level curves of9(x,t): 

(2.6) 



|v^( 7 M),t)l _ 


|V- L o (7o( 


s))\ 




&7(s,t) 
ds 




(97o (s) 
ds 
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Corollary 2.1 Suppose there exist a sequence {(sk,tk)} and (s,i) such that 
(sk,tk) ->•(«,<); and 

]im\V ± 9(r/(8 k ,t k ),t h )\ = oo, (2.7) 

k^oo 

then necessarily 

= oo. (2.8) 

Namely, the blow-up of \ S7 ± 6\ at a point is accompanied by an infinite stretch- 
ing of level curves at the same point in the tangential direction to the curve. 



lim 



c?7 ^ 



2.2 The Euler equations for isentropic flows 

We are concerned here with the following Euler equations for the isentropic 
fluid flows in M n , n = 2, 3, 

dv 

Wj| + div(H = o, 

v(x,0) = v (x), p{x, 0) = p (x), 

where v = (vi, ■ • ■ ,v n ), Vj = Vj(x,t), j = 1, ••• ,n, is the velocity of the 
flow, p = p(x, t) is the mass density of the fluid, p = p(x, t) is the scalar 
pressure, and Vo, po are the given initial velocity and density. The case of 
homogeneous incompressible Euler equations corresponds to p(x,t) =const., 
for which we denote by {E) . The problems of finite time blow-up/global 
regularity for the systems (E) and {E) are both outstanding open problems 
in the mathematical fluid mechanics. For (E) there are results on the blow- 
up criterion initiated by Beale, Kato and Majda([2j), and refined by authors 
in m dUl E21 ESI EE 6]). The study of the Euler system in terms of the 
volume preserving maps are previously done by many authors(see e.g. [HE])- 
The geometric type of approaches, emphasizing the role of the direction of 
vorticity for the regularity/ singularity of solutions are studies in [13], [191 
l20l [23| [6], the spectral dynamics type of approaches are studied in [301 Eh 
and some of the plausible scenarios leading to singularities are excluded in 
[T71 [TSl [71 [S]. Let {X(-, t)} be the particle trajectory mapping generated by 
v(x, t), defined by a smooth solution of the solutions of (E), and A(x,t) = 
X _1 (x, t) be the back-to-label map. Let u(x, t) =curl v(x, t) be the vorticity. 
The following vorticity transport formula is well-known(see e.g. [9]) for (E). 

^M^ a X(a, t )^. (2.9) 
p(X(a,t),t) p (a) 

Applying Theorem 1.1 to the case of (E)q, for which we have 

uj(X(a, t),t) = V a X(a, t)u Q (a), (2.10) 
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as well as det (V a X(a,t)) = 1, we obtain the following theorem. 

Theorem 2.3 Letu(x,t) be the vorticity of a smooth solution v(x,t) of (E)q 
in M 3 with initial vorticity satisfying \\ujo\\l°° < oo- The particle trajectory 
map {X(-,t)} and the particle trajectory map A(-,t) are generated by v(x,t). 
We set the vorticity direction field £(x,t) = . Let{(Xj(x,t),ej(x,t))}j =1 
be the pairs of the eigenvalues and normalized eigenvectors of the matrix 

M(x,t) = (VA(x,t)) T VA(x,t), 

where we keep the ordering for the corresponding eigenvalues 

Xi(x,t) > X 2 (x,t) > X 3 (x,t) > 0. (2.11) 

Suppose there exists a sequence {(x k ,t k )} tending to (x,t) as k — > oo such 
that linifc^oo \uj(x k ,t k )\ = oo, then necessarily 

lim Ai(xfc,tfc) = oo and lim X^Xkjtk) = 0, (2-12) 

fc— >oo fc— >oo 



and 

Furthermore, if 
then 



lim £(x k ,t k ) ■ ei(x k ,t k ) = 0. (2.13) 

fc^oo 

lim inf X 2 (x k ,t k ) > 0, (2.14) 



fc— >oo 



lim £(x k , t k ) ■ e 2 (x k , t k ) = 0. (2.15) 



fc— >oo 



Remark 2.1 In the case when (12.131) and f)2.15p happen, we note that 

lim £(x k , t k ) ■ e 3 (x fc , t k ) = 1, (2.16) 

fc— >oo 

which is equivalent to 

lim \€(x k ,t k ) - e 3 (x k ,t k )\ = 0. (2.17) 

fc— >oo 

Namely, as (x k ,t k ) tends to (x,t), the sequence of vorticity direction vectors 
{(,(xk,t k )} tends to align with the eigenvector of M(x k ,t k ) with smallest 
eigenvalue, which is in the direction of maximum stretching rate. Taking into 
account of the formula (12.91) . we obtain the following theorem immediately 
from Theorem 1.2. 

Theorem 2.4 Let (v(x, t),p(x, t)) be a smooth solution of (E), and {X(-,t)} 
be the particle trajectory generated by v(x,t). Let 70 (s) be a vortex line for 
the initial vorticity uj . We set j(s,t) = X( n f (s),t), which is also a vortex 
line by the Helholtz theorem. Then, we have the following invariants along 
the trajectories of the vortex lines: 

(2.18) 





w(7(M),t)l 


^o(7o(s))| 


\p(l{s,t),t)\ 


a 7 ( s ,t) 

ds 


lA)(7oO))| 


970 (s) 
ds 
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Corollary 2.2 Letuj = curlf and r y{s ) t) as in Theorem 2.4, and \\uq /poll < 
oo. Suppose there exist a sequence {(sk,t k )} and (s,t) such that (sk,tk) — > 
(s,t), and 

M-r{sk,t k ),t k )\ _ ^ (2 . 19) 



k^L \p(^(s k ,tk),t k )\ 



then necessarily 



lim 



OO. 



(2.20) 



Namely, a singularity of at a point is accompanied by infinite stretch- 

ing of the vortex line at the same point. 

Remark 2.2 In the case of (E) thin vortex tube(vortex filament) stretching 
near the singularity of vorticity in the 3D Euler equations is well-known 
fact in the elementary fluid mechanics(see e.g. 0), which is immediate from 
Kelvin's circulation theorem. The above corollary, on the contrary, is about 
stretching of individual vortex lines, not the tubes. 



2.3 The magnetohydrodynamic equations 

We are concerned here on the the ideal MHD system in IR 3 . 



(MHD) < 



- + (,.V), 

«r + (V ■ V)6 



- Vp — b x curl b, 



m 

div v 

k v(x, 0) = 



(b-V)v, 

-- div b = 0, 
v (x), b(x,0) 



b (x) 



where v = (t>i, f 2 , t> 3 ), Vj = Vj(x,t), j = 1,2,3, is the velocity of the flow, 
p = p(x, t) is the scalar pressure, b = (bi, 62, ^3), bj = bj(x, t), is the magnetic 
field, and Vo, b are the given initial velocity and magnetic field, satisfying div 
vq = div 60 = 0. Below {X(a, t)} is the particle trajectory mapping generated 
by v(x,t), defined by a smooth solution of (MHD), and A(x,t) = X _1 (x,t) 
is the back-to-label map. As for the vorticity transport formula the second 
equation of (MHD) implies that we have 



b(X(a,t),t) = V a X(a,t)b (a), 
which provides us the following theorem due to Theorem 1.2. 



(2.2i; 



Theorem 2.5 Let v(x, t) be a smooth solution of (MHD) with the initial data 
satisfying ||&o||l°° < which generates the particle trajectory map {X(-,t)} 
and the particle trajectory map A(-,t). We set the direction vector field of 
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the magnetic field £(x,t) = ; and let {(Xj(x, t), ej(x, £))}| =1 6e £/ie pazrs 
0/ £/ie eigenvalues and normalized eigenvectors of the matrix 

M(x,t) = (\7A(x,t)) T \7A(x,t), 

where we keep the ordering for the corresponding eigenvalues 

Xi(x, t) > X 2 (x, t) > X 3 (x, t) > 0. (2.22) 

Suppose there exists a sequence {(x k ,tk)} tending to (x,t) as k — > 00 such 
that limfc^oo \b(x k ,t k )\ = 00, then necessarily 



lim Xi(x k ,t k ) = 00, and lim X 3 (x k ,tk) = 0, (2.23) 

k— >oo 



and 

Furthermore, if 



lim £,(x k ,t k ) • ei(x fc ,t fc ) = 0. (2.24) 

k— >oo 



lim inf A 2 (x fc ,i fc ) > 0, (2.25) 



k— >oo 

lim £(x fc , t fc ) • e 2 (x fc , * fc ) = 0. (2.26) 

fc^oo 

Remark 2.3 We have similar remark to Remark 2.1, and have 

lim \£(x k ,t k ) - e 3 (x k ,t k )\ = (2.27) 

in case f!2.25j) holds. Namely, as (x k ,t k ) tends to (x, i), the sequence of 
magnetic direction vectors {£,{x k ,t k )} tends to align with the eigenvector of 
M(x k ,t k ) with smallest eigenvalue, which is in the direction of maximum 
stretching rate. 



Theorem 2.6 Let (v(x,t),b(x,t)) be a smooth solution of (MED) , and {X(-,t)} 
the particle trajectory generated by v(x,t). Let 70 (s) be a integral curve for 
the initial magnetic field &o(7o(s)) ■ We setj(s,t) = X(j (s),t), which is also 
an integral curve of the magnetic field b(x,t). Then, we have the following 
invariants: 

(2.28) 



K-Y{8,t),t)\ _ 


l & o(7o(s))| 




ds 




970 (s) 
ds 





Corollary 2.3 Let b,^(s,t) be as in Theorem 2.6, and H&ollz, 00 ( ^ ) - 
pose there exist a sequence {(s k ,t k )} and (s,t) such that (s k ,t k ) — > 
and 



lim \b(j(s k ,t k ),t k )\ 



00, 



Sup- 
is, t), 

[2.29) 



then necessarily 



lim 

k— >oo 



C?7 



OO. 



(2.30) 



Namely, a singularity of the magnetic field of (MHD) is accompanied by an 
infinite stretching of magnetic field lines in the direction of magnetic field. 



12 



References 

[I] V. I. Arnold and B. A. Khesin, Topological Methods in Hydrodynamics, 
Springer- Verlag, (1998). 

[2] J. T. Beale, T. Kato and A. Majda, Remarks on the breakdown of smooth 
solutions for the 3-D Euler equations, Comm. Math. Phys., 94, (1984), 
pp. 61-66. 

[3] Y. Brenier, Topics on hydrodynamics and area preserving maps, Hand- 
book of mathematical fluid dynamics(S. Friedlander and D. Serre eds.), 
Vol. II, North- Holland, Amsterdam, (2003), pp. 55-86. 

[4] D. Chae, On the well-posedness of the Euler equations in the Triebel- 
Lizorkin spaces, Comm. Pure and Appl. Math. 55, no. 5, (2002), pp. 
654-678. 

[5] D. Chae, On the spectral dynamics of the deformation tensor and new a 
priori estimates for the 3D Euler equations, Comm. Math. Phys., 263, 
(2006), pp. 789-801. 

[6] D. Chae, On the Lagragian dynamics for the 3D incompressible Euler 
equations, Comm. Math. Phys., 269. (2006), pp. 557-569. 

[7] D. Chae, Nonexistence of self-similar singularities for the 3D incompress- 
ible Euler equations, Comm. Math. Phys., in press. 

[8] D. Chae, Nonexistence of asymptotically self-similar singularities in the 
Euler and the Navier-Stokes equations, Math. Ann., in press. 

[9] A. J. Chorin and J. E. Marsden, A mathematical introduction to fluid 
mechanics, Texts in Appl. Math. Ser., no. 4, 3rd ed., Springer- Verlag, 
(1992). 

[10] P. Constantin, Geometric Statistics in Turbulence, SIAM Rev. ,36, 
(1994), pp. 73-98. 

[II] P. Constantin, An Eulerian-Lagrangian approach for incompressible flu- 
ids: local theory, Journal of AMS, 14, (2001), pp. 263-278. 

[12] P. Constantin, A few results and open problems regarding incompressible 
fluids, Notices Amer. Math. Soc. 42, no. 6, (1995), pp. 658-663. 

[13] P. Constantin, C. Fefferman and A. Majda, Geometric constraints on po- 
tential singularity formulation in the 3-D Euler equations, Comm. P.D.E, 
21, (3-4), (1996), pp. 559-571. 



13 



[14 

[15 
[16 

[1?; 

[18 
[19 

[2o; 

[21 
[22 
[23; 

[24; 

[25 
[26; 
[27; 
[28; 



P. Constantin, A. Majda and E. Tabak, Formation of strong fronts in 
the 2-d quasi- geostrophic thermal active scalar, Nonlinearity, 7, (1994), 
pp. 1495-1533. 

D. Cordoba, On the geometry of solutions of the quasi- geostrophic and 
Euler equations, Proc. Natl. Acad. Sci., 94, (1997), pp. 12769-12770. 

D. Cordoba, Nonexistence of simple hyperbolic blow-up for the quasi- 
geostrophic equation, Ann. of Math. 148 (1998), pp. 1135-1152. 

D. Cordoba and C. Fefferman, On the collapse of tubes carried by 3D 
incompressible flows, Comm. Math. Phys., 222 (2), (2001), pp. 293-298. 

D. Cordoba, C. Fefferman and R. de la Llave, On Squirt Singularities 
in Hydrodynamics, SIAM J. Math. Anal., 36, no.l, (2004), pp. 204-213. 

J. Deng, T. Y. Hou and X. Yu, Geometric and Nonblowup of 3D Incom- 
pressible Euler Flow, Comm. P.D.E, 30, (2005), pp. 225-243. 

J. Deng, T. Y. Hou and X. Yu, Improved geometric conditions for non- 
blow upof the 3D incompressible Euler equations, Comm. P.D. E., 31, no. 
1-3, (2006), pp. 293-306. 

L. Euler, Principes generaux du mouvement des fluides, Memoires de 
l'academie des sciences de Berlin, 11, (1755), pp. 274-315. 

U. Frisch, T. Matsumoto and J. Bee, Singularities of Euler Flow? Not 
Out of Blue!, J. Stat. Phys., 113, no. 5-6, (2003), pp. 761-781. 

J. D. Gibbon, D. D. Holm, R. M. Kerr and I. Roulstone, Quaternions 
and particle dynamics in Euler fluid flow, Nonlinearity, 19, (2006), pp. 
1969-1983. 

H. Helmholtz, On the integrals of the hydrodynamical equations which 
express vortex-motion, Philosophical Magazine, Ser. 4, 33, (1867), pp. 
485-512. 

R. A. Horn and C. R. Johnson, Matrix Analysis, (1985), Cambridge 
University Press. 

R. M. Kerr, Evidence for a singularity of the 3- dimensional, incompress- 
ible Euler equations, Phys. Fluids A, 5, (1993), pp. 1725-1746. 



R. M. Kerr, Computational Euler history, arXiv:physics/0607148 
(2006). 

H. Kozono and Y. Taniuchi, Limiting case of the Sobolev inequality in 
BMO, with applications to the Euler equations, Comm. Math. Phys., 214, 
(2000), pp. 191-200. 



14 



[29] H. Kozono, T. Ogawa, and T. Taniuchi, The critical Sobolev inequali- 
ties in Besov spaces and regularity criterion to some semilinear evolution 
equations, Math Z., 242(2), (2002), pp. 251-278. 

[30] H. Liu and E. Tadmor, Spectral Dyanamics of the Velocity Gradient 
Field in Restricted Flows, Comm. Math. Phys., 228, (2002), pp. 435-466. 

[31] A. Majda, Vorticity and the mathematical theory of incompressible fluid 
flow, Comm. Pure Appl. Math., 39, (1986), pp. 187-220. 

[32] A. Majda and A. Bertozzi, Vorticity and Incompressible Flow, Cam- 
bridge Univ. Press., (2002). 

[33] J. Wu, Inviscid limits and regularity estimates for the solutions of the 
2-D dissipative Quasi- geostrophic equations, Indiana Univ. Math. J., 46, 
no. 4, (1997), pp. 1113-1124. 

[34] J. Wu, The quasi- geostrophic equations and its two regularizations, 
Comm. P.D.E., 27 no. 5-6, (2002), pp. 1161-1181. 



15 



